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HOMOLOGICAL FLAT DIMENSIONS
PARVIZ SAHANDI, TIRDAD SHARIF, AND SIAMAK YASSEMI
Abstract. For finitely generated module M over a local ring R, the con-
ventional notions of complete intersection dimension CI-dimRM and Cohen-
Macaulay dimension CM-dimRM do not extend to cover the case of infinitely
generated modules. In this paper we introduce similar invariants for not nec-
essarily finitely generated modules, (namely, complete intersection flat and
Cohen-Macaulay flat dimensions) which for finitely generated modules, coin-
cide with the corresponding classical ones.
1. Introduction
An important motivation for studying homological dimensions goes back to 1956
when Auslander, Buchsbaum and Serre proved the following theorem: A commu-
tative noetherian local ring R is regular if the residue field k has finite projective
dimension and only if all R-modules have finite projective dimension. This intro-
duced the theme that finiteness of a homological dimension for all modules singles
out rings with special properties.
Auslander and Bridger [3], introduced a homological dimension designed to single
out modules with properties similar to those of modules over Gorenstein rings.
They called it G-dimension and it is a refinement of the projective dimension and
showed that a local noetherian ring (R,m, k) is Gorenstein if the residue field k
has finite G-dimension and only if all finitely generated R-modules have finite G-
dimension. More recently, other homological dimensions have been introduced to
characterize complete intersection and Cohen-Macaulay rings (see [11], [25] and [5]
for an overview.)
This paper is concerned with homological dimensions for not necessarily finitely
generated modules over commutative noetherian local rings (R,m, k) with identity.
For any R-module M , the flat dimension of M over R is denoted by fdRM . There
is always an inequality fdRM 6 pdRM , and equality holds if M is finite, that is
finitely generated, where pdRM denotes for projective dimension of M . A deep
result, due to Gruson-Raynaud [36] and Jensen [31], says that flat R-modules have
finite projective dimension. Hence the flat dimension and the projective dimension
of a module are finite simultaneously. Therefore it seems that, the flat dimension
is a good and suitable extension of the projective dimension for non-finite modules.
In [15] Christensen, Foxby, and Frankild introduced the large restricted flat di-
mension which is denoted by Rfd and it is defined by the formula
RfdRM = sup{i|Tor
R
i (L,M) 6= 0 for some R-module L with fdRL <∞}.
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They showed that for all R-module M , there is an inequality
RfdRM ≤ fdRM
with equality if fdRM <∞.
In [19] and [20] Enochs and Jenda have introduced the Gorenstein flat dimension
GfdRM of any R-module M. An R-module M is said to be Gorenstein flat if and
only if there is an exact sequence
· · · → F−1 → F 0 → F 1 → · · ·
of flat R-modules such that M = ker(F 0 → F 1) and such that for any injective R-
module I, I⊗R− preserves the exactness of the above complex. The Gorenstein flat
dimension is defined by using Gorenstein flat modules in a fashion similar to that of
flat dimension. Recall that for a finite R-module M we have GfdRM = G-dimRM
by [20]. Holm has studied this concept further in [27] and proved that GfdRM is a
refinement of fdRM and that RfdRM is a refinement of GfdRM . In other words,
for any R-module M there is a chain of inequalities
RfdRM ≤ GfdRM ≤ fdRM,
and if one of these quantities is finite then there is equality everywhere to its left.
The main goal of this paper is to introduce and study notions of complete in-
tersection flat dimension (CIfd ) and Cohen-Macaulay flat dimension (CMfd ) as
refinements of flat dimensions for every module M over a noetherian ring R (see
Sections 3 and 4 for definitions).
A main result of this paper is the comparison of the Gorenstein flat and the com-
plete intersection flat dimensions as given by the following theorem (see Theorem
4.5):
Theorem A. Let M be an R-module. Then there is an inequality
GfdRM ≤ CIfdRM
with equality if CIfdRM is finite.
Viewing the above theorem, there is the following sequence of inequalities:
RfdRM ≤ CMfdRM ≤ GfdRM ≤ CIfdRM ≤ fdRM.
If one of these dimensions is finite, then it is equal to those of its left.
We also introduce and study a variety of refinements of flat dimension, namely
upper Cohen-Macaulay flat dimension (CM ∗fd ) and upper Gorentein flat dimen-
sion (G∗fd ) for every module M over a noetherian ring R (see Sections 3 for defi-
nitions). These dimensions fit into the following scheme of inequalities:
RfdRM ≤ CM
∗fdRM ≤ G
∗fdRM ≤ CIfdRM ≤ fdRM,
with equality to the left of any finite number.
The new homological flat dimensions are in many respects, similar to the clas-
sical ones. As a second example of what can be gained from our homological flat
dimensions, we have the following result which is called Intersection Theorem for
homological flat dimensions; (see Theorem 3.5):
Theorem B. Let M be an R-module, with HfdRM < ∞ and of finite depth.
Suppose that R is an equicharacteristic zero ring, then:
dimR ≤ dimRM +HfdRM,
for H = CI, G∗, and CM ∗.
HOMOLOGICAL FLAT DIMENSIONS 3
In Section 4, a number of base change results for homological flat dimensions
are obtained (see Propositions 4.3, 4.7). Special attention is given to finite ho-
momorphisms R→ R/(x1, · · · , xn) where x1, · · · , xn is an R-regular elements (see
Propositions 4.9 and 4.10).
The Auslander-Buchsbaum formula asserts that if a finitely generated R-module
M has finite projective dimension, then depthRM +pdRM = depthR. In [2] Aus-
lander further generalized this formula for M as before and N a finitely generated
R-module. In fact he showed that for s = sup{n|TorRn (M,N) 6= 0} if either s = 0
or depthRTor
R
s (M,N) ≤ 1, then
(∗) s = depthR− depthRM − depthRN + depthRTor
R
n (M,N).
More generally we say that the depth formula holds for M and N if s is finite and
(∗) holds. In Section 5 the following result which may be regarded as an analogue
of Auslander’s theorem for CIfd is proven; (see Theorem 5.2):
Theorem C. Let M and N be R-modules such that CIfdRM <∞. If s is finite,
then
s ≥ depthR− depthRM − depthRN
with equality if and only if depthRTor
R
s (M,N) = 0.
This is an extension (to non-finite case) of [32, Theorem (2.2)].
In Section 6 basic properties of homological flat dimensions for finitely generated
modules are established and in Section 7 we discuss various homological injective
dimensions for modules over noetherian rings namely, the Cohen-Macaulay injective
dimension (CMid ), upper Cohen-Macaulay injective dimension (CM ∗id ), upper
Gorentein injective dimension (G∗id ) and complete intersection injective dimension
(CIid ). These dimensions satisfy the following inequalities
ChidRM ≤ CMidRM ≤ CM
∗idRM ≤ G
∗idRM ≤ CIidRM ≤ idRM,
where
ChidRM = sup{depthRp − widthRpMp|p ∈ Spec (R)}.
Recall that widthRM = inf{i|Tor
R
i (M,k) 6= 0}.
It is natural to ask when homological flat dimensions satisfy a formula of Auslander-
Buchsbaum type. The answer is given in the following theorem; (see Theorem 8.4):
Theorem D. Let R be a Cohen-Macaulay local ring and let M be an R-module
of finite HfdRM for H = CI, G
∗, CM ∗, and CM . Then HfdRM + depthRM =
depthR if and only if depthRM ≤ grade (p,M) + dimR/p for all p ∈ Supp (M).
2. Definitions and Notations
In this section we recall various definitions of homological dimensions for finite
modules.
Definition 2.1. A finite R-moduleM has G-dimension 0 if the following conditions
are satisfied:
(i) M ∼= HomR(HomR(M,R), R),
(ii) Ext iR(M,R) = 0 for all i > 0, and
(iii) Ext iR(HomR(M,R), R) = 0 for all i > 0.
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The Gorenstein dimension of M which is defined by Auslander and Bridger [3]
and denoted by G-dimRM , as the least number n for which there exists an exact
sequence
0→ Gn → Gn−1 → · · · → G0 →M → 0,
where Gi has G-dimension 0 for i = 0, · · · , n.
A finite R-module M is called perfect (resp. G-perfect) if pdRM = gradeRM
(resp. G-dimRM = gradeRM). Let Q be a local ring and J an ideal of Q. By
abuse of language we say that J is perfect (resp. G-perfect) if the Q-module Q/J
has the corresponding property.
The ideal J is called Gorenstein if it is perfect and βQg (Q/J) = 1 for g =
gradeQJ , where β
Q
g (Q/J) stands for g-th betti number ofQ/J . It is called complete
intersection ideal, if J is generated by an R-regular elements.
We say that R has a CI-deformation (resp. G∗-deformation, CM -deformation)
if there exists a local ring Q and a complete intersection (resp. Gorenstein, G-
perfect) ideal J in Q such that R = Q/J . A CI-quasi-deformation (resp. G∗-quasi-
deformation, CM -quasi-deformation) of R is a diagram of local homomorphisms
R → R′ ← Q, with R → R′ a flat extension and R′ ← Q a CI-deformation (resp.
G∗-deformation, CM -deformation). We set M ′ = M ⊗R R
′.
The complete intersection dimension of M as defined by Avramov, Gasharov, and
Peeva [11] and denoted by CI-dimRM is
CI-dimRM := inf{pdQM
′ − pdQR
′| R→ R′ ← Q is a CI-quasi-deformation}.
The upper Gorenstein dimension of M as defined by Veliche [43] and denoted by
G∗-dimRM is
G∗-dimRM := inf{pdQM
′ − pdQR
′| R→ R′ ← Q is a G∗-quasi-deformation}.
The Cohen-Macaulay dimension of M , as defined by Gerko [25] and denoted by
CM-dimRM is
CM-dimRM := inf{G-dimQM
′−G-dimQR
′| R→ R′ ← Q is a CM -quasi-deformation}.
There are the following sequence of inequalities:
CM-dimRM ≤ G-dimRM ≤ G
∗-dimRM ≤ CI-dimRM ≤ pdRM,
with equality to the left of any finite number.
In [18] Enochs and Jenda introduced the Gorenstein injective dimension GidRM
of any R-module M as follows:
Definition 2.2. An R-module M is said to be Gorenstein injective if and only if
there is an exact sequence
· · · → E−1 → E0 → E1 → · · ·
of injective R-modules such that M = ker(E0 → E1) and for any injective R-
module E, HomR(E,−) preserves exactness of the above complex. The Gorenstein
injective dimension is defined by using Gorenstein injective modules in a fashion
similar to that of injective dimension.
It is known that GidRM ≤ idRM with equality if idRM is finite.
For a notherian ring the following categories were introduced by Avramov and
Foxby [7]:
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Definition 2.3. Let R be a ring with a dualizing complex D. Let Db(R) denote
the full subcategory of D(R) (the derived category of R-complexes) consisting of
complexes X with Hn(X) = 0 for n ≫ 0. The Auslander class A(R) is defined as
the full subcategory of Db(R), consisting of those complexes X for which D⊗
L
RX ∈
Db(R) and the canonical morphism
γX : X → RHomR(D,D ⊗
L
R X),
ia an isomorphism. The Bass class B(R) is defined as the full subcategory of Db(R),
consisting of those complexes X for which RHomR(D,X) ∈ Db(R) and the canon-
ical morphism
ιX : D ⊗
L
R RHomR(D,X)→ X,
is an isomorphism.
Remark 2.4. It is proved in [16, (4.1) and (4.4)] that if R admits of a dualizing
complex then for an R-module M we have:
(a) M ∈ A(R) if and only if GfdRM <∞, and
(b) M ∈ B(R) if and only if GidRM <∞.
See also [21] and [22] for an interesting extension of this result.
3. Complete intersection flat dimension
In this section we introduce complete intersection flat dimension, upper Goren-
stein flat dimension, and upper Cohen-Macaulay flat dimension for not necessarily
finite R-modules, and verify a number of their properties which are similar to those
for the flat dimension.
We say that R has a CM ∗-deformation if there exist a local ring Q and a perfect
ideal J in Q such that R = Q/J . A CM ∗-quasi-deformation of R is a diagram of
local homomorphisms R → R′ ← Q with R → R′ a flat extension and R′ ← Q a
CM ∗-deformation. We set M ′ = M ⊗R R
′.
Definition 3.1. Let M 6= 0 be an R-module. The complete intersection flat dimen-
sion, upper Gorenstein flat dimension, and upper Cohen-Macaulay flat dimension
of M , are defined as:
CIfdRM := inf{fdQM
′ − fdQR
′| R→ R′ ← Q is a CI-quasi-deformation}
G∗fdRM := inf{fdQM
′ − fdQR
′| R→ R′ ← Q is a G∗-quasi-deformation}
CM ∗fdRM := inf{fdQM
′ − fdQR
′| R→ R′ ← Q is a CM ∗-quasi-deformation},
respectively. We complement this by HfdR0 = −∞ for H = CI, G
∗, and CM ∗.
Our first result says that the large restricted flat dimension is a refinement of
the above H-flat dimensions.
Proposition 3.2. Let R → S ← Q be a CM -quasi-deformation, and let M be an
R-module. Then
RfdQ(M ⊗R S)− RfdQS = RfdRM.
Proof. First we prove the equality
Rfd SN +G-dimQS = RfdQN,
for an S-module N . To this end, choose by [15, (2.4)(b)] a prime ideal p of S such
that the first equality below holds. Let q be the inverse image of p in Q. Therefore
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there is an isomorphism Np ∼= Nq of Qq-modules and a CM -deformation Qq → Sp.
Hence
Rfd SN =depthSp − depth SpNp
=depthQqSp − depthQqNp
=depthQq −G-dimQqSp − depthQqNp
≤RfdQN −G-dimQqSp
=RfdQN −G-dimQS.
The second equality holds since Qq → Sp is surjective; the third equality holds
by Auslander-Bridger formula [3]; the fourth equality is due to the G-perfectness
assumption of S over Q; while the inequality follows from [15, (2.4)(b)]. Now by
[42, (3.5)] we have
RfdQN ≤ Rfd SN +RfdQS ≤ RfdQN −G-dimQS +RfdQS = RfdQN,
which is the desired equality.
Now we have
RfdQ(M ⊗R S) ≤Rfd S(M ⊗R S) + RfdQS
=Rfd S(M ⊗R S) + G-dimQS
=RfdQ(M ⊗R S),
where the inequality was proven in [42, (3.5)], the first equality follows from the
hypotheses, and the last follows from the above observation. Hence
RfdQ(M ⊗R S)− RfdQS = Rfd S(M ⊗R S) = RfdRM
where the second equality holds by [30, (8.5)]. 
Theorem 3.3. Let M be an R-module. Then we have RfdRM ≤ HfdRM , for
H = CI, G∗, and CM ∗, with equality if HfdRM is finite. In this case we have
HfdRM = sup{depthRp − depthRpMp|p ∈ Spec (R)}.
Proof. The inequality follows easily from the definitions of various H-flat dimensions
introduced above, and Proposition 3.2. The last equality follows from [15, (2.4)(b)].

The following corollary is an immediate consequence of Theorem 3.3:
Corollary 3.4. There is the following chain of inequalities:
RfdRM ≤ CM
∗fdRM ≤ G
∗fdRM ≤ CIfdRM ≤ fdRM,
with equality to the left of any finite number.
In [23, (19.7)] Foxby proved an Intersection Theorem for flat dimension. More
precisely, he showed that for M an R-module of finite flat dimension and of finite
depth, and R admitting of a Hochster module (as is the case where R is equichar-
acteristic), one has:
dimR ≤ dimRM + fdRM.
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Recall that the local ring (R,m, k) is equicharacteristic if charR = chark, where
charR denotes to the characteristic of the ring R. Now we extend Foxby’s result to
the homological flat dimensions in the following theorem:
Theorem 3.5. Let M be an R-module of finite depth such that HfdRM < ∞.
Suppose that R is an equicharacteristic zero ring, then:
dimR ≤ dim RM +HfdRM,
for H = CI, G∗, and CM ∗.
The proof of this theorem makes use of Lemma 3.6 below and the notion of the
Cohen-Macauley defect (cmdR) of a ring R which is defined as:
cmdR := dimR− depthR.
Lemma 3.6. Let Q→ R′ be any CM ∗-deformation. Then cmdR′ ≤ cmdQ.
Proof. Suppose that J = ker(Q → R′). Since J is a perfect ideal of Q, we have
pdQR
′ = gradeQJ . The proof of the Lemma is easily completed by noting that
depthQ − depthQR
′ = pdQR
′ = gradeQJ ≤ htJ ≤ dimQ − dimR
′, in which the
first equality follows the Auslander-Buchsbaum formula. 
Proof of Theorem 3.5. It is sufficient to prove the Theorem for H = CM ∗. Choose
a CM ∗-quasi-deformation R → R′ ← Q such that fdQ(M ⊗R R
′) < ∞ and
CM ∗fdRM = fdQ(M⊗RR
′)−fdQR
′. It can be seen that Q is an equicharacteristic
zero ring. Since R→ R′ is a flat extension and depthRM <∞, it follows from [29,
(2.6)] that depthR′(M ⊗R R
′) <∞. Therefore we obtain depthQ(M ⊗R R
′) <∞
since Q→ R′ is surjective. By Lemma 3.6 there is an inequality cmdR′ ≤ cmdQ.
Then cmdR + cmdR′/mR′ ≤ cmdQ. So we have:
dimR ≤cmdQ− cmdR′/mR′ + depthR
=dimQ− dimR′/mR′ − depthQ + depthR+ depthR′/mR′
=dimQ− dimR′/mR′ − depthQ + depthR′
=dimQ− dimR′/mR′ − pdQR
′
≤dimQ(M ⊗R R
′) + fdQ(M ⊗R R
′)− fdQR
′ − dimR′/mR′
=dimR′(M ⊗R R
′) + CM ∗fdRM − dimR
′/mR′
=dimRM +CM
∗fdRM,
where the third equality holds by the Auslander-Buchsbaum formula; and the sec-
ond inequality holds from Foxby’s Theorem [23, (19.7)]. To prove the fifth equality
assume that M is the direct union of finite submodules Mi of M (for i in a directed
set I). Then
dimRM = sup{dimRMi|i ∈ I}.
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So we get thatM⊗RR
′ is the direct union ofMi⊗RR
′. Consequently by the above
observation we have:
dimR′(M ⊗R R
′) = sup{dimR′(Mi ⊗R R
′)|i ∈ I}
=sup{dimRMi + dimR
′/mR′|i ∈ I}
=sup{dimRMi|i ∈ I}+ dimR
′/mR′
=dimRM + dimR
′/mR′,
where the second equality follows from [12, (A.11)]. 
4. Cohen-Macaulay flat dimension
In this section we introduce the notion of Cohen-Macaulay flat dimension de-
noted by CMfd . For a finite R-module M it coincides with the Cohen-Macaulay
dimension CM-dimRM of Gerko. And we show that, for an R-module M we have
the following sequence of inequalities
RfdRM ≤ CMfdRM ≤ GfdRM ≤ CIfdRM ≤ fdRM,
with equality to the left of any finite number.
Definition 4.1. Let M 6= 0 be an R-module. The Cohen-Macaulay flat dimension
of M , is defined as:
CMfdRM := inf{GfdQM
′ −GfdQR
′| R→ R′ ← Q is a CM -quasi-deformation}.
We complement this by CMfdR0 = −∞.
Remark 4.2. By taking the trivial CM -quasi-deformation R → R ← R, one has
CMfdRM ≤ GfdRM , and using Proposition 3.2 we have, when CMfdRM < ∞,
then CMfd RM = RfdRM .
Notice that there is a notion of Cohen-Macaulay flat dimension in [28] which is
different with ours. Before proceeding any further it is necessary to investigate the
effect of change of ring on various notions of homological flat dimensions.
Proposition 4.3. Let M be an R-module. Let R → R′ be a local flat extension,
and M ′ =M ⊗R R
′. Then
HfdRM ≤ HfdR′M
′
with equality when HfdR′M
′ is finite, for H = CI, G∗, CM ∗, and CM .
Proof. We prove the result for Cohen-Macaulay flat dimension and the proof of the
other cases are similar to this one, so we omit them. Suppose that CMfdR′M
′ <
∞, and let R′ → R′′ ← Q be a CM -quasi-deformation with GfdQM
′′ < ∞,
where M ′′ = M ′ ⊗R′ R
′′. Since R → R′ and R′ → R′′ are flat extensions, the
local homomorphism R → R′′ is also flat. Hence R → R′′ ← Q is a CM -quasi-
deformation with GfdQ(M ⊗R R
′′) < ∞. It follows that CMfdRM is finite. Now
by Theorem 3.3 and [30, (8.5)], we have
CMfdRM = RfdRM = RfdR′M
′ = CMfdR′M
′.

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Proposition 4.4. Let R̂ be the completion of R relative to the m-adic topology.
Then
HfdRM = Hfd bR(M ⊗R R̂),
for H = CI, G∗, and CM ∗.
Proof. We prove the result for CM ∗fd and the proof of the other cases are similar to
this one. If CM ∗fdRM =∞, then we obtain that CM
∗fd bR(M ⊗R R̂) =∞ by 4.3.
Now assume that CM ∗fdRM <∞. It is sufficient to prove that CM
∗fd bR(M⊗R R̂)
is finite. Because in this case we have
CM ∗fdRM = RfdRM = Rfd bR(M ⊗R R̂) = CM
∗fd bR(M ⊗R R̂),
in which the first and the last equalities follow from Theorem 3.3, and the middle
one follows from [30, (8.5)].
For a CM ∗-quasi-deformation R → R′ ← Q of R, we have R̂ → R̂′ ← Q̂ is a
CM ∗-quasi-deformation of R̂ with respect to their maximal ideal-adic completions.
Now the equalities
fdQ(M ⊗R R
′) =fd bQ(M ⊗R R
′ ⊗Q Q̂) = fd bQ(M ⊗R R̂
′)
=fd bQ(M ⊗R (R̂⊗ bR R̂
′)) = fd bQ((M ⊗R R̂)⊗ bR R̂
′),
show that fd bQ((M ⊗R R̂) ⊗ bR R̂
′) is finite which imply that CM ∗fd bR(M ⊗R R̂) is
finite. 
One of the main result of this paper is Theorem 4.5 below the proof of which
strongly makes use results of Sather-Wagstaff [40, Theorem F] and Esmkhani and
Tousi [21, Corollary 2.6].
Theorem 4.5. Let M be an R-module. Then there is the inequality
GfdRM ≤ CIfdRM
with equality if CIfdRM is a finite number.
Proof. Step 1. Assume that R admits of a dualizing complex D. We can actually
assume that CIfdRM is finite. So that by [40, Theorem F], there exists a CI-quasi-
deformation R → R′ ← Q such that Q is complete, the closed fibre R′/mR′ is
artinian and Gorenstein, and fdQ(M ⊗RR
′) is finite. Therefore by Remark 2.4(a),
M ⊗R R
′ belongs to the the Auslander class A(Q). On the other hand since the
kernel of Q→ R′ is generated by Q-regular elements, using [8, Proposition 4.3] we
deduce that it is a Gorenstein local homomorphism. Thus thanks to [7, Corollary
(7.9)] we see that M ⊗RR
′ belongs to the the Auslander class A(R′). Note that R′
is a complete local ring, so it admits of a dualizing complex. Hence using Remark
2.4(a), we obtain that GfdR′(M⊗RR
′) is finite. Since R′/mR′ is a Gorenatein local
ring, by [8, Proposition 4.2], we have R→ R′ is a Gorenstein local homomorphism.
Therefore by [8, Theorem 5.1], the complex D ⊗LR R
′ is a dualizing complex of
R′. Consequently by [16, Theorem 5.3], GfdRM is finite. Hence the equalities
GfdRM = RfdRM = CIfdRM hold.
Step 2. Now let R be any ring. Note that by Proposition 4.4 we have
CIfdRM = CIfd bR(M ⊗R R̂).
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Since R̂ admits of a dualizing complex by Step 1 we have
Gfd bR(M ⊗R R̂) ≤ CIfd bR(M ⊗R R̂)
with equality if CIfd bR(M ⊗R R̂) is finite. Now assume that CIfdRM is finite.
Therefore Gfd bR(M ⊗R R̂) is finite. Consequently by [21, Corollary 2.6], GfdRM is
finite and GfdRM = Gfd bR(M ⊗R R̂). Hence
GfdRM = Gfd bR(M ⊗R R̂) = CIfd bR(M ⊗R R̂) = CIfdRM.
This completes the proof. 
Corollary 4.6. Let M be an R-module. Then there is the following sequence of
inequalities
RfdRM ≤ CMfd RM ≤ GfdRM ≤ CIfdRM ≤ fdRM,
with equality to the left of any finite number.
Proposition 4.7. Let M be an R-module. For each prime ideal p ∈ Spec (R) there
is an inequality
HfdRpMp ≤ HfdRM,
for H = CI, G∗, CM ∗, and CM .
Proof. We prove the result for CMfdRM , and the proof of the other cases are similar
to this one. Choose a prime ideal p ∈ Spec (R). Assume that CMfdRM < ∞ and
fix a CM-quasi-deformation R → R′ ← Q such that GfdQM
′ < ∞, where M ′ =
M ⊗RR
′. Since R→ R′ is faithfully flat extension of rings, there is a prime ideal p′
in R′ lying over p. Let q be the inverse image of p′ in Q. The map Rp → R
′
p′
is flat,
and R′
p′
← Qq is a CM-deformation. Therefore the diagram Rp → R
′
p′
← Qq is a
CM -quasi-deformation with GfdQq(Mp ⊗Rp R
′
p′
) = GfdQqM
′
q′
≤ GfdQM
′ < ∞.
Hence CM fdRpMp <∞. So we obtain
CMfdRpMp =RfdRpMp
≤RfdRM
=CMfdRM,
in which the inequality holds by [15, (2.3)]. Thus the desired inequality follows. 
Lemma 4.8. Let Q be a local ring, and let J ⊆ I be ideals of Q. Set R = Q/J . If
J and I/J are perfect ideals of Q and R respectively, then I is a perfect ideal in Q.
Proof. Since pdQR < ∞ and pdRQ/I < ∞, by [4, (3.8)] there is an equality
pdQQ/I = pdRQ/I + pdQR. By our assumption J is a perfect ideal of Q hence
by [6, (2.7)] we have gradeQQ/I = gradeRQ/I + gradeQR. Using the perfectness
of J in Q and I/J in R, we see that I is a perfect ideal in Q. 
Proposition 4.9. Let x = x1, . . . , xn be a sequence of elements of m, constituting
R- and M -regular elements. Set R = R/(x) and M = M/(x)M . Then there are
inequalities
HfdRM ≤ HfdRM, and
HfdRM ≤ HfdRM + n,
with equality when, HfdRM is finite, for H = CI, G
∗, and CM ∗.
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Proof. Since the proof for H = CI and G∗ is analogous to CM ∗, we only prove the
proposition for H = CM ∗. It is sufficient to prove the proposition for x = x with
x an R-regular and M -regular element. We may assume that CM ∗fdRM < ∞
and choose a CM ∗-quasi-deformation R → R′ ← Q with fdRM
′ < ∞, where
M ′ = M ⊗R R
′. Thus R′ = Q/J , where J is a perfect ideal of Q. We construct
a CM ∗-quasi-deformation of R. Choose y ∈ Q mapping to x ∈ R′. Since x is R-
regular, it is also R′-regular due to flatness of R′ as an R-module. Set I = (y) + J
and note that I/J = xR′ is a perfect ideal of R′. Therefore by lemma 4.8, I is a
perfect ideal in Q (for the case H = G∗ use [43, (2.11)]). Set R′ = Q/I, and note
that R → R′ is flat because R → R′ is flat. Thus R → R′ ← Q is a CM ∗-quasi-
deformation of R.
Now we show that fdQ(M ⊗R R
′) and fdQ(M ⊗R R
′) are finite. We have the
following isomorphisms
M ⊗R R
′ ∼=M ⊗R R⊗R R
′ ∼=M ⊗R R
′.
Since x is M -regular and R → R′ is flat, the exact sequence 0 → M
x
→ M →
M → 0 induces an exact sequence 0 → M ′
x
→ M ′ → M ⊗R R
′ → 0. So we obtain
M ⊗R R
′ ∼= M ′/xM ′ and we have fdQ(M
′/xM ′) = fdQM
′ + 1. Hence we get
CM ∗fdRM and CM
∗fdRM are finite. Now the equalities
CM ∗fdRM = RfdRM = RfdRM = CM
∗fdRM,
where the second equality follows from [39, (3.11)], complete the proof of the first
inequality in the assertion of the Theorem. The equalities
CM ∗fdRM = RfdRM = RfdRM + 1 = CM
∗fdRM + 1,
where the second equality follows from [42, (3.6)] and the third one holds by [39,
(3.11)] complete the proof. 
Proposition 4.10. Let x = x1, . . . , xn be a R-regular elements. Set R = R/(x).
For an R-module M , then there is the inequality
n+ CIfdRM ≤ CIfdRM,
with equality when CIfdRM is finite.
Proof. As usual we may assume that CIfdRM <∞ and choose a CI-quasi-deformation
R → R′ ← Q with fdQM
′ < ∞, where M ′ = M ⊗R R
′. Consider R → R ← R
as a CI-quasi-deformation. One checks readily that R → R′′ = R ⊗R R
′ ← Q is
a CI-quasi-deformation of R. From the equalities M ⊗R R
′ = (M ⊗R R) ⊗R R
′ =
M ⊗R (R⊗R R
′) =M ⊗R R
′′, we obtain that fdQ(M ⊗R R
′′) and so CIfdRM are
finite. Now the equalities
n+CIfdRM = n+RfdRM = RfdRM = CIfdRM,
where the second one holds by [42, (3.6)] complete the proof. 
Let ϕ : R → S be a local homomorphism of complete local rings. Let N be a
finite S-module, and let R→ R′ → S be a Cohen factorization of ϕ (cf. [10]). The
following inequalities hold:
fdRN ≤ pdR′N ≤ fdRN + edim(R
′/mR′)
GfdRN ≤ G-dimR′N ≤ GfdRN + edim(R
′/mR′),
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where edim(R′/mR′) is the minimal number of generators of the maximal ideal of
R′/mR′. The first inequality is by [9] and the latter uses the recent characterization
by Christensen, Frankild, and Holm of certain Auslander categories in terms of
finiteness of G-dimensions (cf. [16], and also [30, Theorem 8.2]).
Question 4.11. Let ϕ : R → S be a local homomorphism of complete local rings.
Let N be a finite S-module and let R→ R′ → S be a Cohen factorization of ϕ. The
question is whether the following inequalities hold:
CIfdRN ≤ CI-dim R′N ≤ CIfd RN + edim(R
′/mR′).
5. The depth formula
The point of this section is to prove the depth formula and note its immediate
consequences.
Notation 5.1. For R-modules M and N set
fdR(M,N) = sup{i|Tor
R
i (M,N) 6= 0}.
In particular, if TorRn (M,N) = 0 for all n, then fdR(M,N) = −∞, else 0 ≤
fdR(M,N) ≤ ∞. For a finite R-module M , fdR(M,k) is the usual flat dimension
of M which is also equal to its projective dimension pdRM . Moreover for such an
M , fdR(M,N) is finite for every finitely generated N .
Theorem 5.2. LetM and N be R-modules such that CIfd RM <∞. If fdR(M,N) <
∞, then
fdR(M,N) ≥ depthR− depthRM − depthRN
with equality if and only if depthRTor
R
s (M,N) = 0, for s = fdR(M,N).
Proof. Since CIfdRM < ∞ there is, say a codimension c CI-quasi-deformation
R → R′ ← Q, such that fdQM
′ < ∞, where M ′ = M ⊗R R
′. By codimension
c we mean that the kernel of the homomorphism Q → R′ is generated by regular
elements of length c. Choose p ∈ Spec (R′) such that it is a minimal prime ideal
containing mR′. Thus m = p ∩ R and p = q/(x) for some q ∈ Spec (Q), where
(x) = ker(Q→ R′). Now the diagram R → R′p ← Qq is a CI-quasi-deformation of
the same codimension as R → R′ ← Q. It is clear that pdQR
′ = pdQqR
′
p. Also
we have
fdQq(M⊗RR
′
p) = fdQq(M⊗R(R
′⊗QQq)) = fdQq((M⊗RR
′)⊗QQq) ≤ fdQM
′ <∞.
Hence CIfdRM ≤ fdQq(M ⊗R R
′
p)− fdQqR
′
p. Therefore we showed that complete
intersection flat dimension can be computed from CI-quasi-deformations R→ R′ ←
Q such that the closed fiber R′/mR′ is artinian.
Due to faithful flatness of R′ we have the following equalities in which N ′ =
N ⊗R R
′
s = fdR(M,N) = fdR′(M
′, N ′).
Assume that c = 1. Consider the change of rings spectral sequence
TorR
′
p (M
′,TorQq (R
′, N ′))⇒ TorQp+q(M
′, N ′).
If q > 1, then TorQq (R
′, N ′) = 0 and for q ≤ 1 TorQq (R
′, N ′) = N ′. Now the above
spectral sequence generates the following long exact sequence
· · · → TorR
′
i+1(M
′, N ′)→ TorR
′
i−1(M
′, N ′)→ TorQi (M
′, N ′)→ TorR
′
i (M
′, N ′)→ · · · .
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Therefore TorQs+1(M
′, N ′) = TorR
′
s (M
′, N ′). Iterating in the same manner we have
TorR
′
s (M
′, N ′) = TorQs+c(M
′, N ′).
So sup{i|TorQi (M
′, N ′) 6= 0} = s + c. Since depth (R′/mR′) = 0 and Q → R′ is
surjective, the following equalities hold:
depthQTor
R′
s (M
′, N ′) = depthR′Tor
R′
s (M
′, N ′) = depthRTor
R
s (M,N),
and they are equal to depthQTor
Q
s+c(M
′, N ′). Since fdQM
′ < ∞ it follows from
[42, (2.3)] that
s+ c ≥depthQ− depthQM
′ − depthQN
′
=depthR+ c− depthRM − depthRN,
and equality holds if and only if depthQTor
Q
s+c(M
′, N ′) = 0. Thus
s = fdR(M,N) ≥ depthR− depthRM − depthRN,
with equality if and only if depthRTor
R
s (M,N) = 0. 
Definition 5.3. We say that M and N satisfy the dependency formula over R, if
fdR(M,N) = sup{depthRp − depthRpMp− depthRpNp|p ∈ Supp (M)∩ Supp (N)}.
Corollary 5.4. LetM and N be R-modules such that CIfdRM <∞. If fdR(M,N) <
∞, then M and N satisfy the dependency formula.
Proof. It is easy to see that:
depthRp − depthRpMp − depthRpNp ≤ fdR(M,N).
Using Theorem 5.2 we have fdR(M,N) = depthRp − depthRpMp − depthRpNp if
and only if
depthRpTor
Rp
s (Mp, Np) = 0,
or equivalently if and only if p ∈ Ass (TorRs (M,N)) for s = fdR(M,N) <∞. 
In Theorem 4.5 we proved that GfdRM ≤ CIfdRM for any R-module M . So it
is natural to look for a dependency formula for Gorenstein flat dimension. In the
following proposition we prove a dependency formula for Gorenstein flat dimension:
Proposition 5.5. Let M and N be R-modules, such that GfdRM < ∞ and
idRN <∞. Then then M and N satisfy the dependency formula.
Proof. It is clear that GfdRpMp and idRpMp are finite numbers, and we have
fdRp(Mp, Np) ≤ fdR(M,N) for p ∈ Supp (M) ∩ Supp (N). Now from [23, (12.26)]
and [17, (4.4)(a)] we get:
depthRp − depthRpMp − depthRpNp ≤ fdR(M,N),
with equality when p ∈ Ass (TorRs (M,N)), for s = fdR(M,N). 
The following corollary due to Iyengar and Sather-Wagstaff [30, Theorem (8.7)]
is an immediate consequence of the above proposition.
Corollary 5.6. Let M be an R-module such that GfdRM <∞. Then
sup{i|TorRi (M,ER(k)) 6= 0} = depthR− depthRM,
where ER(k) denotes to the injective envelope of k.
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Corollary 5.7. Let (R,m) be a complete local ring and N and M be R-modules
with M finite.
(a) If GfdRN <∞, and fdRM <∞, then
sup{i|Ext iR(N,M) 6= 0} = depthR− depthRN.
(b) If CIfdRN <∞, then
sup{i|Ext iR(N,M) 6= 0} = depthR− depthRN,
provided that the left hand side is a finite number.
Proof. (a) Set E = ER(k), the injective envelope of k. Since R is complete we have
R = HomR(E,E). Therefore we have
Ext iR(N,M)
∼=Ext iR(N,M ⊗R R)
∼= Ext iR(N,M ⊗R HomR(E,E))
∼=Ext iR(N,HomR(HomR(M,E), E))
∼=HomR(Tor
R
i (N,HomR(M,E), E).
Consequently we have
sup{i|Ext iR(N,M) 6= 0} = fdR(N,HomR(M,E)).
Since fdRM <∞ we have idRHomR(M,E) <∞. Now Proposition 5.5, gives the
result.
(b) Similarly to that of part (a) one has
sup{i|Ext iR(N,M) 6= 0} = fdR(N,HomR(M,E)),
which is equal to depthR− depthRN by Corollary 5.4 and [45, Lemma 2.2]. 
The following example shows that the completeness assumption of R is crucial
in part (a) of the above corollary.
Example 5.8. Let (R,m) be a local domain which is not complete with respect to
the m-adic topology. In [1, (3.3)] it is shown that HomR(R̂, R) = 0. Therefore,
when N = R̂ and M = R. It is clear that the right hand side of the first equality
equal to zero which is not equal to the left hand side.
Corollary 5.9. Let M and N be R-modules;
(a) If CIfdRM <∞ then the following are equivalent:
(i) TorRn (N,M) = 0 n≫ 0.
(ii) TorRn (N,M) = 0 n > CIfdRM .
(b) If R is a complete local ring and CIfdRN <∞, and M a finite R-module,
then the following are equivalent:
(i) Ext nR(N,M) = 0 n≫ 0.
(ii) Ext nR(N,M) = 0 n > depthR− depthRM .
Proof. (a) If for all integer n, TorRn (M,N) = 0, then the assertion holds. So
assume for some integer ℓ, TorRℓ (M,N) 6= 0. Therefore s = fdR(M,N) < ∞.
Now by Theorem 5.2, s = depthRp − depthRpMp − depthRpNp for some p ∈
Supp (M)∩Supp (N). Now choose an integer n > CIfdRM = RfdRM ≥ depthRp−
depthRpMp ≥ s. Therefore Tor
R
n (N,M) = 0.
(b) It follows easily from Corollary 5.7(b).
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6. The finite case
In this section M is a finite R-module. We study the behavior of the new
homological flat dimensions and especially of the (upper) Cohen-Macaulay flat di-
mension. Since for a finite R-module M , there is the equality fdRM = pdRM and
GfdRM = G-dimRM by [20], we have
CM ∗fdRM = inf{pdQM
′ − pdQR
′| R→ R′ ← Q is a CM ∗-quasi-deformation},
CMfdRM = CM-dimRM , G
∗fdRM = G
∗-dimRM , and CIfdRM = CI-dimRM .
Remark 6.1. It can be seen that if CM ∗fdRM <∞, then there is the equality
CM ∗fdRM + depthRM = depthR.
Let SyzRn (M) to denote the n-th syzygy module of M . Then by an argument
similar to that of [43, (2.5)] we have the following proposition:
Proposition 6.2. For each n ≥ 0 there is the equality
CM ∗fdRSyz
R
n (M) = max{CM
∗fdRM − n, 0}.
Theorem 6.3. The following conditions are equivalent:
(i) The ring R is Cohen-Macaulay.
(ii) CM ∗fdRM <∞ for every not necessarily finite R-module M .
(iii) CM ∗fdRM <∞ for every finite R-module M .
(iv) CM ∗fdRM = 0 for every finite R-module M with depthRM > depthR.
(v) CM ∗fdRk = depthR.
(vi) CM ∗fdRk <∞.
Proof. (i)⇒ (ii) Let R̂ be the m-adic completion of R. Since R is Cohen-Macaulay,
so is R̂. Therefore by Cohen’s structure theorem, R̂ is isomorphic to Q/J , where Q
is a regular local ring. By Cohen-Macaulay-ness of R̂ and regularity of Q, the ideal
J is perfect. Thus R → R̂ ← Q is a CM ∗-quasi-deformation. Since Q is regular
fdQ(M ⊗R R̂) is finite. Thus CM
∗fdRM is finite.
(ii)⇒ (iii) is trivial.
(iii)⇒ (iv) follows by applying Remark 6.1 to the R-module M .
(iv) ⇒ (v) by [12, (1.3.7)] we have depthRSyz
R
n (k) ≥ min(n, depthR). In par-
ticular, if we choose n ≥ depthR we get CM ∗fdRM = 0. Thus by Remark 6.1
CM ∗fdRk = depthR.
(v)⇒ (vi) is trivial.
(vi)⇒ (i) follows from CM-dimRk ≤ CM
∗fdRk and [25, Theorem (3.9)]. 
One can actually state similar theorems for upper Gorenstein flat and complete
intersection flat dimensions.
As a consequence of the New Intersection Theorem of Peskine and Szpiro [34],
Hochster [26] and P. Roberts [37] and [38] we have:
(∗) cmdR ≤ cmdRM.
The New Intersection Theorem is not true for CI-dimension, G∗-dimension, G-
dimension, and CM -dimension, see Examples [41, (3.2)] and [44, (2.20)]. But the
inequality (∗) holds for G∗-dimension, see [41, (2.1)]. For G-dimension and CM-
dimension we do not know whether the inequality (∗) holds. However it holds for
upper Cohen-Macaulay flat dimension as shown by the following theorem:
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Theorem 6.4. Let M be a finite R-module with finite upper Cohen-Macaulay di-
mension. Then cmdR ≤ cmdRM .
Proof. Since CM ∗fdRM <∞, there exists a CM
∗-quasi-deformation R→ R′ ← Q
such that pdQM
′ < ∞, where M ′ = M ⊗R R
′. From the surjectivity of Q → R′
we have cmdQM
′ = cmdR′M
′. Because R → R′ is a flat extension, the following
(in)equalities hold:
cmdR+ cmdRR
′/mR′ =cmdR′ ≤ cmdQ ≤ cmdQM
′
=cmdRM + cmdR
′/mR′,
where the first inequality holds by Lemma 3.6, and the second one is by the New
Intersection Theorem. This gives us the desired inequality. 
Corollary 6.5. If M is a Cohen-Macaulay module with CM ∗fdRM <∞, then the
base ring R is Cohen-Macaulay.
7. Homological Injective Dimensions
It is well known that flat dimension and injective dimension are dual of each
other. In particular there are the following equalities:
fdRM
∨ = idRM and idRM
∨ = fdRM,
where M∨ = HomR(M,ER(k)) and ER(k) is the injective envelope of k over R. In
this section we introduce dual of the complete intersection flat dimension and the
Cohen-Macaulay flat dimension.
Definition 7.1. Let M 6= 0 be an R-module. The complete intersection injec-
tive dimension, upper Gorenstein injective dimension, and upper Cohen-Macaulay
injective dimension of M , are defined as:
CIidRM := inf{idQM
′ − fdQR
′| R→ R′ ← Q is a CI-quasi-deformation}
G∗idRM := inf{idQM
′ − fdQR
′| R→ R′ ← Q is a G∗-quasi-deformation}
CM ∗idRM := inf{idQM
′ − fdQR
′| R→ R′ ← Q is a CM ∗-quasi-deformation},
respectively. We complement this by HfdR0 = −∞ for H = CI, G
∗, and CM ∗.
In [40, Definition 2.6] Sather-Wagstaff introduced the upper complete intersec-
tion injective dimension of an R-module M as
CI∗idRM := inf

idQM ′ − fdQR′
∣∣∣∣ R→ R
′ ← Q is a CI-quasi-deformation
such that R′ has Gorenstein formal
fibre and R′/mR′ is Gorenstein

 .
We use the upper complete intersection injective dimension for a dual version
of Theorem 4.5. The following theorem shows that the upper Cohen-Macaulay
injective dimension characterizes Cohen-Macaulay local rings.
Theorem 7.2. The following conditions are equivalent.
(i) The ring R is Cohen-Macaulay.
(ii) CM ∗idRM <∞ for every R-module M .
(iii) CM ∗idRM <∞ for every finite R-module M .
(iv) CM ∗idRk <∞.
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Proof. (i)⇒ (ii) Let R̂ be the m-adic completion of R. Since R is Cohen-Macaulay,
so is R̂. Therefore by Cohen’s structure theorem, R̂ is isomorphic to Q/J , where
Q is a local regular ring. Hence due to Cohen-Macaulay-ness of R̂ and regularity
of Q, the ideal J is perfect. Thus R→ R̂← Q is a CM ∗-quasi-deformation. Since
Q is regular idQ(M ⊗R R̂) is finite, so CM
∗idRM is finite.
(ii)⇒ (iii) and (iii)⇒ (iv) are trivial.
(iv)⇒ (i) Suppose CM ∗idRk <∞. So that there exists a CM
∗-quasi-deformation
R → R′ ← Q, such that idQ(k ⊗R R
′) is finite. It is clear that k ⊗R R
′ is a finite
Q-module. Consequently Q is a Cohen-Macaulay ring by the Bass Theorem. We
plan to show that R′ is a Cohen-Macaulay ring. Let I = ker(Q → R′) which is
perfect by definition. We have
ht I =grade (I,Q)
=pdQR
′
=depthQ− depthQR
′
=depthQ− depthR′
=dimQ− depthR′
=ht I + dimR′ − depthR′,
in which the equalities follow from Cohen-Macaulay-ness of Q; perfectness of I;
Auslander-Buchsbaum formula; [12, (1.2.26)]; Cohen-Macaulay-ness of Q; and [33,
Page 250] respectively. Therefore we obtain that dimR′ − depthR′ = 0, that is R′
is Cohen-Macaulay. Now [12, Theorem (2.1.7)] gives us the desired result. 
In the same way one can show that the upper Gorenstein injective dimension
detects the Gorenstein property and the complete intersection injective dimension
detects the complete intersection propoerty of local rings.
The proof of the above theorem says some thing more, viz., a local ring R is
Cohen-Macaulay if and only if there exists a finite R-module of finite upper Cohen-
Macaulay injective dimension. In other words every finite R-module is a test module
for the Cohen-Macaulay property of a local ring. So we state the following corollary,
which is analogous to the definition of a Gorenstein ring:
Corollary 7.3. A local ring R is Cohen-Macaulay if and only if CM ∗idRR <∞.
In [24, Theorem (4.5)] Foxby and Frankild proved that if a ring admits a cyclic
module of finite Gorenstein injective dimension, then the base ring is Gorenstein.
Parallel to their result we have the the following proposition.
Proposition 7.4. If G∗idRC <∞ for a cyclic R-module C, then R is a Gorenstein
local ring.
Proof. There is a G∗-quasi-deformation R → R′ ← Q such that idQ(C ⊗R R
′)
is finite. Since C ⊗R R
′ is a cyclic R′-module and R′ is a cyclic module over Q,
we see that C ⊗R R
′ is a cyclic module over Q. So that Q is Gorenstein by [35].
Hence R′ is a Gorenstein ring because the kernel of Q→ R′ is a Gorenstein ideal.
Consequently R is Gorenstein. 
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Lemma 7.5. There is an equality
HidRM = inf
{
idQM
′ − fdQR
′
∣∣∣∣ R→ R′ ← Q is an H-quasi-deformation suchthat the closed fibre of R→ R′ is artinian
}
,
for H = CI∗, CI, G∗, and CM ∗.
Proof. We prove the lemma for H = CM ∗ only since the other cases are similar.
Let R → R′ ← Q be an CM ∗-quasi-deformation. Choose p ∈ Spec (R′) such that
it is a minimal prime ideal containing mR′; thus m = p ∩ R and p = q/J for some
q ∈ Spec (Q), where J = ker(Q → R′). Now the diagram R → R′p ← Qq is a
CM ∗-quasi-deformation. It is clear that pdQR
′ = pdQqR
′
p. Also we have
idQq(M ⊗R R
′
p) = idQq(M ⊗R (R
′ ⊗Q Qq)) = idQq(M
′ ⊗Q Qq) ≤ idQM
′ <∞.
Hence CM ∗idRM ≤ idQq(M ⊗R R
′
p)− pdQqR
′
p. So the proof in complete. 
Recall that widthRM = inf{i|Tor
R
i (M,k) 6= 0}. It is the dual notion for depthRM .
In particular by [15, (4.8)] we have widthRM = depthRHomR(M,ER(k)), where
ER(k) denote for injective envelope of k over R.
The Chouinard injective dimension is denoted by ChidRM and is defined as,
ChidRM := sup{depthRp − widthRpMp|p ∈ Spec (R)}.
Remark 7.6. We do not introduce Chouinard flat dimension because it coincides
with Rfd since by [15, (2.4)(b)], we have
RfdRM := sup{depthRp − depthRpMp|p ∈ Spec (R)}.
It is proved in [14] that for an R-module M , ChidRM is a refinement of idRM ,
that is
ChidRM ≤ idRM,
with equality if idRM is finite.
In the Theorem 7.11 we partly extend this relation for our homological injective
dimensions. As of the writing of this paper, the authors do not know if the equality
holds in general. Before stating the theorem we need some lemmas.
Lemma 7.7. Suppose that Q → S is a surjective local homomorphism and N is
an S-module. Then we have
width SN = widthQN.
Proof. We have the following equalities:
width SN =depth SHom S(N,ES(k))
=depth SHom S(N,HomQ(S,EQ(k)))
=depth SHomQ(N,EQ(k))
=depthQHomQ(N,EQ(k))
=widthQN,
where the first one is by [15, (4.8)]; the second one is by [13, (10.1.15)]; the third
one is by adjointness of Hom and tensor; the fourth one is true since Q → S
is surjective; while the last one is again by [15, (4.8)]. Here we used k for the
residue fields of Q and S, and EQ(k) and ES(k) for the injective envelopes of k
over respectively Q and S. 
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Dualizing the proof of Proposition 3.2 and using the above lemma one easily
shows
Proposition 7.8. Let Q→ S be a CM -deformation, and N be an S-module. Then
there is the equality:
Chid SN +G-dimQS = ChidQN.
Lemma 7.9. Suppose that (R,m, k)→ (S, n, l) is a local ring homomorphism, and
M is an R-module. Then we have
width S(M ⊗R S) = widthRM.
Proof. Let FM be a flat resolution of M over R. Therefore FM ⊗R S is a flat
resolution of M ⊗R S over S. So we have
width S(M ⊗R S) = inf{i|Tor
S
i (M ⊗R S, l) 6= 0}
= inf{i|Hi((FM ⊗R S)⊗S l) 6= 0}
= inf{i|Hi(FM ⊗R l) 6= 0}
= inf{i|TorRi (M, l) 6= 0}
= inf{i|TorRi (M,k) 6= 0}
=widthRM.

Lemma 7.10. Let R→ S be a flat local homomorphism and let M be an R-module.
Then
ChidRM ≤ Chid S(M ⊗R S).
Proof. Let p ∈ Spec (R) such that ChidRM = depthRp − widthRpMp. Let q ∈
Spec (S) contain pS minimally. Since R→ S is a flat local homomorphism we have
p = q ∩R and ht p = ht q. Hence:
ChidRM =depthRp − widthRpMp
=depthSq − width Sq(Mp ⊗Rp Sq)
=depthSq − width Sq(M ⊗R S)q
≤Chid S(M ⊗R S),
in which the second equality holds by Lemma 7.9 and the fact that Rp → Sq has
artinian closed fibre. 
Theorem 7.11. Suppose that M is an R-module such that HidRM < ∞ for
H = CI∗, CI, G∗, or CM ∗. Then there is the inequality
ChidRM ≤ HidRM,
and if M is a finite module we have
ChidRM = HidRM = depthR.
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Proof. We prove the theorem for H = CM ∗ and the other cases are similar. Choose
by Lemma 7.5 a CM ∗-quasi-deformation R → R′ ← Q, such that CM ∗idRM =
idQM
′ − fdQR
′, where M ′ =M ⊗R R
′, and the closed fibre of R→ R′ is artinian.
Hence we have
CM ∗idRM =idQM
′ − fdQR
′
=ChidQM
′ − fdQR
′
=ChidR′M
′ ≥ ChidRM,
in which the second equality comes by [14], and the third one by Proposition 7.8;
while the inequality is by Lemma 7.10.
Now let M be a finite R-module, therefore M ′ is a finite Q-module. So by the
Bass Theorem [33, (18.9)], and the Auslander-Buchsbaum formula, and the fact
that the closed fibre of R→ R′ is artinian we have:
CM ∗idRM = idQM
′−fdQR
′ = depthQ−depthQ+depthR′ = depthR′ = depthR.
On the other hand, since CM ∗idRM <∞ and M is finite, R is a Cohen-Macaulay
ring. Thus using [39, (3.6)] we see that ChidRM = depthR. Hence CM
∗idRM =
ChidRM = depthR. 
Corollary 7.12. Let M be an R-module. Then we have the following chain of
inequalities:
ChidRM ≤ CM
∗idRM ≤ G
∗idRM ≤ CIidRM ≤ CI
∗idRM ≤ idRM,
with equality to the left of any finite number for finite modules or, if idRM < ∞
for arbitrary module M .
Now we prove the dual result of Theorem 4.5.
Theorem 7.13. Suppose that R has a dualizing complex D, andM is an R-module.
Then there is an inequality
GidRM ≤ CI
∗idRM.
Proof. We can actually assume that CI∗idRM is finite. So that by [40, Proposition
3.5], there exists a CI-quasi-deformation R → R′ ← Q such that Q is complete,
the closed fibre R′/mR′ is artinian and Gorenstein and idQ(M ⊗R R
′) is finite.
Therefore by Remark 2.4(b), M ⊗R R
′ belongs to the the Bass class B(Q). By the
same argument as in the proof of Theorem 4.5 one can show thatM⊗RR
′ belongs to
the Bass classB(R′). Consequently Remark 2.4(b), gives us that GidR′(M⊗RR
′) <
∞. Since R′/mR′ is a Gorenatein local ring, by [8, Proposition 4.2], we have
R → R′ is a Gorenstein local homomorphism. Therefore by [8, Theorem 5.1], the
complex D ⊗LR R
′ is a dualizing complex of R′. Consequently [16, Theorem 5.3]
gives finiteness of GidRM . Hence using [16, Theorem 6.8] we have GidRM =
ChidRM ≤ CI
∗idRM as desired. 
By the above theorem we have
ChidRM ≤ GidRM ≤ CI
∗idRM ≤ idRM.
Now we define a Cohen-Macaulay injective dimension to complete this sequence of
inequalities. Notice that there is a notion of Cohen-Macaulay injective dimension
in [28] which is different with ours.
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Definition 7.14. Let M 6= 0 be an R-module. The Cohen-Macaulay injective
dimension of M , is defined by ,
CMidRM := inf{GidQM
′ −GfdQR
′| R→ R′ ← Q is a CM -quasi-deformation}.
We complement this by CMidR0 = −∞.
Therefore by taking the trivial CM -quasi-deformation R → R ← R, one has
CMidRM ≤ GidRM . Suppose that R has a dualizing complex. Then by [16,
Proposion 5.5] one has GidRpMp ≤ GidRM for each prime ideal p of R. So that
by the proof of Lemma 7.5, one has
CMidRM = inf

GidQM ′ −GfdQR′
∣∣∣∣
R→ R′ ← Q is a CM -quasi-deformation
such that the closed fibre of
R→ R′ is artinian

 .
Therefore as in Theorem 7.11 one can show that ChidRM ≤ CM idRM . Hence
when the ring R admits a dualizing complex, then there is the following sequence
of inequalities
ChidRM ≤ CMidRM ≤ GidRM ≤ CI
∗idRM ≤ idRM,
with equality to the left of any finite number for finite modules or, if idRM or
GidRM if finite, for arbitrary module M .
Theorem 7.15. The following conditions are equivalent.
(i) The ring R is Cohen-Macaulay.
(ii) CMid RM <∞ for every R-module M .
(iii) CMid RM <∞ for every finite R-module M .
(iv) CMid Rk <∞.
Proof. (i)⇒ (ii) It follows by the inequality CMidRM ≤ CM
∗idRM and Theorem
7.2.
(ii)⇒ (iii) and (iii)⇒ (iv) are trivial.
(iv) ⇒ (i) Suppose CM ∗idRk < ∞. So there exists a CM -quasi-deformation
R→ R′ ← Q, such that GidQ(k ⊗R R
′) is finite. Since k ⊗R R
′ is a cyclic module
over Q, we see that Q is a Gorenstein ring by [24, Theorem 4.5]. The rest of proof
is the same as that of Theorem 7.2. 
8. The Auslander-Buchsbaum formula
In this section we give a necessary and sufficient condition for our homological
flat dimensions to satisfy a formula of Auslander-Buchsbaum type. Our main result
is Theorem 8.4 below. Recall that grade (p,M) = inf{i|Ext iR(R/p,M) 6= 0}.
Lemma 8.1. Let R be a local ring, and M an R-module of finite depth. Then
depthRM ≤ depthRpMp + dimR/p for all p ∈ Spec (R) if and only if depthRM ≤
grade (p,M) + dimR/p for all p ∈ Spec (R).
Proof. The only if part is trivial. For the if part we show that for modules M and
N with N finite we have Ext iR(N,M) = 0 for i < depthRM − dimN . We do this
by induction on dimN . If dimN = 0, then N has finite length, and in this case
an easy induction proves the result. Now let dimN = t. By a method similar to
that of [33, (17.1)] it is sufficient to take N = R/p such that dimR/p = t. Let
s < depthRM − t ≤ depthRpMp. We have to show that E = Ext
s
R(R/p,M) = 0.
If E 6= 0, there is a non-zero element e ∈ E. Since Ep = 0 there is an element
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u ∈ R\p such that ue = 0. Now the exact sequence 0 → R/p
.u
→ R/p → N ′ → 0,
gives rise the exact sequence
Ext sR(N
′,M)→ Ext sR(R/p,M)
.u
→ Ext sR(R/p,M),
in which the left most module equal to zero by the induction hypothesis. So u is
injective and therefore e = 0, which is a contradiction. 
Proposition 8.2. Let M be an R-module such that RfdRM+depthRM = depthR.
Then
depthRM ≤ grade (p,M) + dimR/p
for all p ∈ Spec (R). The converse is true over Cohen-Macaulay rings.
Proof. Let p ∈ Spec (R) be an arbitrary prime ideal. Therefore we have
depthRp − depthRpMp ≤ RfdRpMp ≤ RfdRM = depthR− depthRM.
So that
depthRM ≤depthR− depthRp + depthRpMp
≤depthRpMp + dimR/p.
Now from Lemma 8.1 we obtain that depthRM ≤ grade (p,M) + dimR/p for all
p ∈ Spec (R).
Next suppose that R is a Cohen-Macaulay ring. Choose a prime ideal p ∈
Spec (R) such that RfdRM = depthRp − depthRpMp. Then from the hypothesis
and [33, Page 250] we have:
RfdRM =depthRp − depthRpMp
=dimRp − depthRpMp
≤dimR− dimR/p− grade (p,M)
≤dimR− depthRM
=depthR− depthRM
≤RfdRM,
which completes the proof. 
Combining Proposition 8.2, and [15, Theorem (3.4)] we have
Corollary 8.3. Let R be a ring and M be an R-module. The following then are
equivalent:
(i) RfdRM + depthRM = depthR for every R-module M of finite depth.
(ii) R is a Cohen-Macaulay ring and depthRM ≤ grade (p,M) + dimR/p for
every R-module M of finite depth, and for all p ∈ Spec (R).
This is an extension of [15, Theorem (3.4)].
Now we state the main result of this section.
Theorem 8.4. Let R be a Cohen-Macaulay local ring and let M be an R-module
of finite HfdRM for H = CI, G
∗, CM ∗, and CM . Then HfdRM + depthRM =
depthR if and only if depthRM ≤ grade (p,M) + dimR/p for all p ∈ Supp (M).
Dual to the Proposition 8.2 one can prove the following.
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Proposition 8.5. Let R be a local ring, and M an R-module such that ChidRM +
depthRM = depthR. Then
widthRM ≤ widthRpMp + dimR/p
for all p ∈ Spec (R). The converse is true over Cohen-Macaulay rings.
ACKNOWLEDGMENT
The authors would like to thank H. B. Foxby and S. Sather-Wagstaff for their useful
comments, and Mehrdad Shahshahani for his careful reading of this paper.
References
1. S. T. Aldrich, E. E. Enochs, J. A. L. Ramos, Derived functors of Hom relative to flat covers,
Math. Nachr. 242 (2002), 17–26.
2. M. Auslander, Modules Over Unramified Regular Local Rings, Ill. J. Math. 5, (1961), 631–647.
3. M. Auslander and M. Bridger, Stable module theory, Mem. Amer. Math. Soc. 94 (1969).
4. M. Auslander and D. Buchsbaum, Homological dimension in local rings, Trans. Amer. Math.
Soc. 85 (1957), 390–405.
5. L. L. Avramov, Homological dimensions and related invariants of modules over local rings,
Representations of Algebras, ICRA IX (Beijing, 2000), vol. I, Beijing Normal Univ. Press
2002, 1–39.
6. L. L. Avramov and H. B. Foxby, Cohen-Macaulay properties of ring homomorphisms, Adv.
Math. 133 (1998), no. 1, 54–95.
7. L. L. Avramov and H. B. Foxby, Ring homomorphisms and finite Gorenstein dimension, Proc.
London Math. Soc. 3 75 (1997), no.2, 241–270.
8. L. L. Avramov and H. B. Foxby, Locally Gorenstein homomorphisms, Amer. Journal Math.
114 (1992), no.5, 1007–1047.
9. L. L. Avramov, H. B. Foxby, and S. Halperin, Descent and ascent of local properties along
homomorphisms of finite flat dimension, J. Pure Appl. Alg. 38 (1985), no. 2-3, 167–185.
10. L. L. Avramov, H. B. Foxby, and B. Herzog, Structure of local homomorphisms, J. Alg. 164
(1994), no. 1, 124–145.
11. L. L. Avramov, V. N. Gasharov, and I. V. Peeva, Complete intersection dimension, Inst.
Hautes E´tudes Sci. Publ. Math. no. 86 (1997), 67–114.
12. W. Bruns and J. Herzog, Cohen-Macaulay rings, Cambridge Studies in Advanced Mathemat-
ics. 39, Cambridge University Press, Cambridge, 1998.
13. M. Brodmann and R. Sharp, Local Cohomology: An Algebraic Introduction with Geometric
Applications, Cambridge Studies in Advanced Mathematics; no 60, Cambridge University
Press, 1998.
14. Leo G. Chouinard II, On finite weak and injective dimension, Proc. Amer. Math. Soc. 60
(1976), 57–60.
15. L. W. Christensen, H. B. Foxby, and A. Frankild, Restricted homological dimensions and
Cohen-Macaulayness, J. Algebra 251 (2002), no. 1, 479–502.
16. L. W. Christensen, A. Frankild, and H. Holm, On Gorenstein projective, injective and flat
dimensions-A functorial description with applications, J. Algebra 302 (2006), 231–279.
17. L. W. Christensen and H. Holm Ascent properties of Auslander categories,
arXiv:math.AC/0509570 v2 16 Feb 2006.
18. E. E. Enochs and O. M. G. Jenda, Gorenstein injective and projective modules, Math. Z. 220
(1995), no. 4, 611–633.
19. E. E. Enochs and O. M. G. Jenda, Gorenstein injective and flat dimensions, Math. Japon.
44, no. 2 (1996), 261–268.
20. E. E. Enochs, O. M. G. Jenda, and B. Torrecillas, Gorenstein flat modules, Nanjing Daxue
Xuebao Shuxue Bannian Kan. 10 (1993), 1–9.
21. M. A. Esmkhani and M. Tousi, Gorenstein homological dimensions and Auslander categories,
J. Algebra 308, no. 1, (2007), 321–329.
22. M. A. Esmkhani and M. Tousi, Gorenstein injective modules and Auslander categories, Arch.
Math. 89, (2007), 114–123.
23. H. B. Foxby, Hyperhomological algebra and commutative rings, Kφbenhavns Univ. Mat. Inst.
Preprint, 1998.
24 PARVIZ SAHANDI, TIRDAD SHARIF, AND SIAMAK YASSEMI
24. H. B. Foxby and A. Frankild, Cyclic modules of finite Gorenstein injective dimension and
Gorenstein rings, Ill. J. Math. 51, no. 1, (2007), 67–82.
25. A. A. Gerko, On homological dimensions, Sb. Math. 192 no.8 (2001), 1165–1176.
26. M. Hochster, Topics in the homological theory of modules over commutative rings, CBMS
Regional Conf. Ser. in Math., 24, Amer. Math. Soc. (1975).
27. H. Holm, Gorenstein homological dimensions, J. Pure Appl. Algebra. 189 (2004), 167–193.
28. H. Holm and P. Jorgensen, Cohen-Macaulay homological dimensions, Rend. Sem. Mat Univ.
Padova 117 (2007), 87–112.
29. S. Iyengar, Depth for complexes, and intersection theorems, Math. Z. 230 (1999), 545–567.
30. S. Iyengar and S. Sather-Wagstaff, G-dimension over local homomorphisms. Applications to
the Frobenius endomorphism , Illinois J. Math. 48 (2004), no. 1, 241–272.
31. C.U. Jensen, on the vanishing of lim
(i)
← , J. Algebra, 15 (1970), 15–166.
32. D. A. Jorgensen, A generalization of the Auslander-Buchsbaum formula, J. Pure Appl. Alge-
bra, 144 (1999), 145–155.
33. H. Matsumura, Commutative ring theory, Cambridge Studies in Advanced Mathematics, 8.
Cambridge University Press, Cambridge, 1986.
34. C. Peskine and L. Szpiro, Syzygies et multiplicite´s, C. R. Acad. Sci. Paris Se´r. A 278 (1974),
1421–1424.
35. C. Peskine and L. Szpiro, Dimension projective finie et cohomologie local, Publ. Math. I. H.
E. S. 40 (1972), 47–119.
36. M. Raynaud and L. Gruson, Crite`res de platitude et de projectivite´. Techniques de “platifica-
tion” d’ un module, Invent. Math. 13 (1971), 1-89.
37. P. Roberts, Two applications of dualizing complexes over local rings, Ann. Sci. E´cole Norm.
Sup. (4) 9 (1976), 103–106.
38. P. Roberts, Le the´ore`me d’ intersection, C. R. Acad. Sci. Paris Se´r. I 304 (1987), 177–180.
39. P. Sahandi and T. sharif, Dual of the Auslander-Bridger formula and GF-perfectness, Math
Scand. 101, no. 1, (2007), 5–18.
40. S. Sather-Wagstaff, Complete intersection dimensions and Foxby classes, arXiv:0709.2442v1
[math.AC]15 Sep 2007.
41. T. Sharif and S. Yassemi, Special homological dimensions and intersection theorem, Math.
Scand. 96 (2005), no. 2, 161–168.
42. T. Sharif and S. Yassemi, Depth formulas, restricted Tor-dimension under base change, Rocky
Mountain J. Math. 34 (2004), 1131–1146.
43. O. Veliche, Construction of modules with finite homological dimensions, J. Alg. 250, (2002),
no. 2, 427–449.
44. S. Yassemi, G-dimension, Math. Scand, 77 (1995), no. 2, 161–174.
45. S. Yassemi, Width of complexes of modules, Acta Math. Vietnam. 23, No. 1 (1998), 161–169.
Department of Mathematics, University of Tehran, P.O. Box 13145–448, Tehran,
Iran.
E-mail address: sahandi@ipm.ir
Institute for studies in Theoretical Physics and Mathematics (IPM), Tehran Iran.
E-mail address: sharif@ipm.ir
Department of Mathematics, University of Tehran, P.O. Box 13145–448, Tehran,
Iran and Institute for studies in Theoretical Physics and Mathematics (IPM), Tehran
Iran.
E-mail address: yassemi@ipm.ir
